Abstract. We prove periodicity for some functions involving the q-trigonometric and the q-digamma functions and their related functions. We evaluate and state transcendence results for infinite series whose terms are such periodic functions. The key argument is a q-trigonometric conjecture of Gosper which was recently established by the authors.
Introduction
Throughout we let τ be a complex number in the upper half plane, let q = e πiτ . Note that the assumption Im(τ ) > 0 guarantees that |q| < 1. The q-shifted factorials of a complex number a are defined by For convenience we write (a 1 , . . . , a k ; q) n = (a 1 ; q) n · · · (a k ; q) n , (a 1 , . . . , a k ; q) ∞ = (a 1 ; q) ∞ · · · (a k ; q) ∞ .
The q-gamma function is given by Γ q (z) = (q; q) ∞ (q z ; q) ∞ (1 − q)
and it is well-known that Γ q (z) is a q-analogue for the gamma function Γ(z). For details on the function Γ q (z) we refer to [3, 4, 10, 14, 15] . The digamma function is ψ(z) and the q-digamma function ψ q (z) are given by
.
By Krattenthaler and Srivastava [16] one has lim q→1 ψ q (z) = ψ(z), showing that the function ψ q (z) is the q-analogue for the function ψ(z). Jacobi first theta function is defined as follows:
2 /4 sin(2n + 1)z.
For details about theta functions we refer to the book by Whittaker and Watson [20] .
Gosper [11] introduced q-analogues of sin z and cos z as follows sin q (πz) = q (z− (1)
He also proved that the functions sin q z and cos q z are related to the function θ 1 (z | τ ′ ) as follows:
It can be shown that lim q→1 sin q z = sin z and lim q→1 cos q z = cos z. Moreover, from (1) and the facts that sin q z is the q-analogue of sin z and ψ q (z) is the qanalogue of ψ(z), one can easily verify by differentiating logarithms that sin
is the q-analogue of sin ′ (z) = cos z and similarly that cos ′ q (z) is the q-analogue of cos ′ (z) = − sin z. We mention that there are known other examples of q-analogues for the functions sin z and cos z, see for instance the book by Gasper and Rahman [10] . A very important function in our current work is given in the following definition. Definition 1. For any complex z such that z = kπ for any integer k let the function Ct q (z) be defined by
Note from the above that lim q→1 Ct q (z) = cot z.
Throughout we shall need the following basic facts:
sin q (z + π) = − sin q z = sin q (−z), and − cos q (z + π) = cos q z = cos q (−z), from which it follows
The following q-constant appears frequently in Gosper's manuscript [11] 
Gosper stated many identities involving sin q z and cos q z which easily follow just from the definition and the basic properties of the function θ 1 (z | τ ). For instance, he derived that
We can easily see from (4) that for any odd integer a we have
On the other hand, Gosper [11] using the computer facility MACSYMA stated without proof a variety of identities involving sin q z and cos q z and he asked the natural question whether his formulas hold true. Many of his identities are qanalogues for well-known trigonometric formulas. In particular, he after introducing the function cos q z proved that
as a q-analogue for the famous trigonometric identity sin 2z = 2 sin z cos z and conjectured that
as a q-analogue for cos 2z = cos 2 z −sin 2 z. A proof for (7) can be found in Mező [17] and a proof for (8) can be found in El Bachraoui [6] . Moreover, Gosper without proof stated
and under the assumption of some other conjectures, he established
A proof for (q-Triple 2 ) and a proof leading to (q-Double 5 ) can be found in El Bachraoui [6, 7, 8] . Among other conjectures of Gosper [11, p . 92], we find
The authors recently in [9] confirmed Gosper's identity (9) and gave some applications including a new q-analogue for the Gauss multiplication formula for the gamma function. Proofs for other identities of Gosper can be found in [1, 12, 13] . Identity (9) is one of the main arguments for proofs of our results. In this paper, we give explicit values for sums involving Ct q z and ψ q (z). Moreover, we shall prove transcendence results for sums involving the function cot z and ψ(z). Intermediate results include explicit values for sums involving the function ψ q (z) and for infinite sums involving the function cot z. We need the following results of Adhikari et al. [2] and Ram Murty and Saradha [18] . 
We also need a result of Weatherby. But to state it, we need some notation. For any real number α and any positive integer l, let
and let
Notice that Z(l) ∈ Q for all positive integer l.
Theorem 2. [19]
Let f be an algebraic valued function defined on the integers with period M > 1, let α ∈ Q \ Z, and let l be a positive integer. Then
In particular, both infinite series
Main results

Theorem 3. (a) For any integer M > 1 and any odd integer a there holds
(b) In particular, for any odd integer a we have
(ii)
Corollary 1. (a) For any integer M > 1 and any odd integer a there holds
and the sum is either zero or transcendental.
(b) In particular, for any odd integer a the two sums
are both transcendental.
Theorem 4. For any odd integer a and any integer M > 1, let the function h q (M, a, k) be defined on integers as follows
Then we have: (a)
The function h q (M, a, k) is periodic with period M and we have
(b) In particular, for any odd integer a we have 
Corollary 2. For any odd integer a and any integer M > 1, let the function h(M, a, k) be defined on integers as follows
h(M, a, k) = − 1 π ψ 2k + a 2M + ψ 1 − 2k + a 2M .
Then we have: (a) The function h(M, a, k) is periodic with period M and we have
Then f M,a (k) is periodic with period M and we have
We now evaluate some finite sums involving the q-digamma function which seem not to appear in literature.
Theorem 6. Let M > 1 be an integer and let a be an odd integer. Then there holds
if a ≡ −1, 5 (mod 12).
By letting q → 1 in Theorem 6 we get the following corollary.
Corollary 3. For any integer M > 1 and any odd integer a, we have
3. An auxiliary lemma and corollary
Note first that Gosper [11] using a combination of (7) and (8) and he under the assumption of (q-Double 5 ) and (q-Triple 2 ) showed that
As was noted earlier, each one of (7), (8), (q-Double 5 ), and (q-Triple 2 ) has now been established. Besides, just as for the function sin z, it is easy to verify by using (3) that for any odd integer a,
Lemma 1. Let a be an odd integer. Then we have
if a ≡ 1, −5 (mod 12)
2 log q π Now, combine the previous identity with (5), (10), and (13) to obtain the desired identity for sin
4 . Finally, note that by (3) we have
to complete the proof of part (a). As to part (b), from (4), we easily find (14) cos
Now differentiating (q-Double 5 ) we have 2 cos
in the previous identity, using (14) , and simplifying yield
in other words, (15) cos
On the other hand, differentiate (q-Triple 2 ) to derive
which for z = π 3 and after simplification gives
It follows by virtue of (15) and with the help of (11) that
Now solving in the previous identity for sin ′ q 3 π 3 and using (11), after a long but straightforward calculation, we derive the desired formula for sin 
Proof. This follows from a combination of Lemma 1 with (10), (11), and (12).
Proof of Theorem 3 and Corollary 1
Proof of Theorem 3. (a) From (9) and the fact that sin q (z + π) = − sin q z we find
Take logarithms and differentiate with respect to z to derive
, and use (6) to deduce that that
So, letting
we see that f (k) is well defined on the integers, it is clearly periodic with period M and, from the above, it satisfies the condition
Then use Theorem 1 to complete the proof of part (a). We now deal with part (b). As to (i), by the previous part applied to M = 2 we have
Clearly we respectively have 2 + a ≡ 1, 3, −1, −3 (mod 8) if and only if 4 + a ≡ 3, −3, 1, −1 (mod 8).
Then this fact and Corollary 4(a) yield that
Thus (17) becomes
Now, as lim q→1 Ct q 
The following congruences are equivalent in the order specified 
Clearly f (k) is defined on the integers since is a is odd and it is periodic with period M . It is a well-known fact that
Taking logarithm and Differentiating with respect to z yield
Thus we have shown that the function f is periodic with period M and it satisfies the condition M k=1 f (k) = 0. Now use Theorem 1 to finish the proof of part (a). As to part (b), by letting q → 1 in (17) and (18) we find
The same argument used in the proof of the previous part shows that the foregoing two infinite sums are both nonzero. Now a combination of Theorem 1 with the well-known fact that cot rπ is an algebraic number for any rational number r with yields transcendence of these sums.
Proof of Theorem 4 and Corollary 2
Proof of Theorem 4. (a) By the relation (1) we have
which after taking logarithms and differentiating with respect to z gives
Letting in the previous relation z = a 2M , we get
As the left-hand side of the previous identity is periodic with period M the same holds for its right-hand side which is nothing else but h q (M, a, k). We now claim that M k=1 h q (M, a, k) = 0. Indeed, apply (1) to the identity (16), then take logarithms and finally differentiate with respect to z to obtain
, and use (6) to deduce that We have the following related contribution. 
Now combine (24) and (25) to obtain the desired formula.
We now give examples where we apply Theorem 7 to some specific values of a, M , and l in order to evaluate infinite sums involving the function cot z. 
